Dielectric properties of the hydrogen-bonded material, 5-bromo-9-hydroxyphenalenone (C 13 H 7 O 2 Br; BrHPLN), are investigated theoretically by means of electronic structure calculations and Monte Carlo simulations. The density functional calculations of BrHPLN crystals have revealed that the polarization per one molecule can be about 1.7 times larger than that of the isolated monomer. It is also found that there exists significant electron density (0.01 e bohr −3 ) in an intermolecular C − H · · · O region, which, together with the interatomic distances of 2.39Å for H · · · O and 3.34Å for C · · · O, suggests the existence of intermolecular weak hydrogen bonding that may enhance the molecular polarization. The induced polarization effects in various intermolecular configurations are evaluated with the Fragment Molecular Orbital method. In addition to the π-π stacking interactions, two types of "in plane" intermolecular weak hydrogen-bonding configurations are found to affect the molecular dipole moment most significantly. These effects are efficiently included in a Monte Carlo simulation method in terms of "dipole corrections" as functions of both the intermolecular arrangements and the intramolecular proton configurations. The application to the dielectric phase transition of BrHPLN crystal shows that the dipole corrections almost double the transition temperature, toward better agreement with experiments, and qualitatively affect the temperature dependence of the dielectric constant. Discussions are given to support that the results will remain adequate and consistent even after explicit inclusion of the quantum tunneling effects.
Introduction
Ferroelectricity and antiferroelectricity have been very important topics in condensed matter physics. Since the first report of a ferroelectric phenomenon in an investigation of Rochelle salt in 1920, 1,2 a great number of ferroelectric and antiferroelectric materials have been discovered and widely used for industrial applications such as a ferroelectric random access memory (FeRAM) and a thermistor. Recently, great progress has been made in the materials design of organic ferroelectrics in the field of organic electronics. 3, 4 In the fundamental scientific interest, meanwhile, ferroelectrics have attracted much interest. One of the best known ferroelectric materials is potassium dihydrogen phosphate KH 2 PO 4 (KDP). 5 In the KDP crystal, there exists an O − H · · · O hydrogen-bond network. Owing to the dimension and origin of the network, KDP is called a three-dimensional hydrogen-bonded system. A number of crystals isomorphous with KDP and other zero-, one-, two-, and three-dimensional hydrogen-bonded systems have been found to exhibit phase transitions. [6] [7] [8] Most of the hydrogen-bonded systems exhibit large isotope effect, i.e., the change of phase transition temperature induced by substitution of deuterium for hydrogen. For example, the transition temperature is almost doubled in the case of KDP and its family. The isotope effect has been investigated experimentally and theoretically for a long time. [9] [10] [11] 5-R-9-hydroxyphenalenone (R = Br, I or methyl group), belongs to hydrogen-bonded dielectrics. This group of materials is known as the zero-dimensional hydrogen-bonded system and synthesized artificially to study the isotope effect. As mentioned in Ref. 12 , 5-R-9-hydroxyphenalenone seems to have only intramolecular hydrogen bonding and the hydrogen-bond length (O · · · O distance) is not affected much by the deuterium substitution. Therefore, these materials have been considered as ideal materials to investigate the effect of the deuteration separately from the Ubbelohde effect. 9, 13 Dielectric, calorimetric, spectroscopic and structural studies revealed that 5-bromo-9-hydroxyphenalenone (C 13 H 7 O 2 Br; BrHPLN) and 5-methyl-9-hydroxyphenalenone (C 14 H 10 O 2 ; MeHPLN) exhibit the quite different behavior: the only BrH-PLN shows a large isotope effect, although BrHPLN and MeH-PLN have almost the same molecular and crystal structure in the high temperature range. 12, [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] Both the H and D compounds of MeHPLN undergo the paraelectric-antiferroelectric phase transition around 42 K. In contrast, the H compound of BrHPLN (h-BrHPLN) exhibits no phase transition down to 3 K, while the D compound (d-BrHPLN) shows two phase transitions corresponding to the normal-incommensurate phase tran-sition at ∼ 37 K and the incommensurate-commensurate one at ∼ 20 K. 14, 18, 28 The d-BrHPLN crystal is also considered to be antiferroelectric in the low temperature region. Kiyanagi et al. attributed the antiferroelectric property to the local electronic dipole moment in the hydrogen-bond region, which arises from the separation between the peaks of electron and nuclear density distributions resulted from the X-ray and neutron diffraction experiments. 22, 25, 27 Their analysis shows that the local electronic dipole moment pointing from the enolic oxygen to the carbonic oxygen within the molecule has the magnitude 0.9 ∼ 2.2 D, and the resulting dipole-dipole interaction energy corresponds well with the phase transition temperature. However, our calculation (see Fig. 1 ) shows that the transverse component of the molecular dipole moment points the opposite direction and its magnitude is much smaller compared to their local electronic dipole moment. This indicates that we need more careful analysis taking better account of the molecular aspects. level. For the molecular and crystallographic drawings in this paper, the software VESTA was used. 29 In a previous theoretical study, a simple three-site model was proposed to describe the isotope effect of the zerodimensional hydrogen-bonded ferroelectrics and antiferroelectrics. 30, 31 More recently, quantum chemical calculations were performed for several neighboring dimers of BrHPLN and 5-iodo-9-hydroxyphenalenone (IHPLN). 32, 33 The tunneling parameter and interaction parameter of the transverse Ising model 10, 34 were calculated and the ordered phase at the low temperature limit was discussed on the basis of the mean field approximation. Although these works have provided intriguing clues under their approximations, in our view, more extensive analysis will be needed for elucidation of the dielectric properties arising from the intricate intermolecular interactions in the crystal. For instance, it has been shown in the case of another πconjugated hydrogen-bonded organic ferroelectric, phenazinechloranil acid (Phz-H 2 ca), that intermolecular hydrogen bonds of O − H · · · N type significantly enhance the electronic polarization. 35, 36 In BrHPLN and its families, on the other hand, there exist analogous C − H · · · O type intermolecular arrangements. This type of bonding is known as the weak hydrogen bond, whose existence is recognized in many chemical and biological systems, 37, 38 but their roles are in most cases yet unclear.
In this paper, from this point of view, we focus on the effect of the intermolecular hydrogen bond on the dielectric properties of BrHPLN. To our knowledge, the realistic molecular calculations beyond the dimer interactions and the Monte Carlo simulations with long-range interactions taking account of the induced polarization effects have been done for the first time. We use density functional theory (DFT) with plane-wave basis sets 39 and the Fragment Molecular Orbital (FMO) method 40 in order to evaluate the effect of the intermolecular hydrogen bond. Then we shall show that the effect of the intermolecular hydrogen bond is significant to the dielectric properties of BrHPLN. In addition, we performed Monte Carlo (MC) simulations in order to determine the microscopic ordering in the antiferroelectric phase in the low temperature. We also propose a Monte Carlo method with the correction of the dipole moment, reflecting the results of the FMO calculation. The quantitative discussion of the phase transition temperature is given by comparing the results of the MC simulations with and without the correction.
The paper is organized as follows. In Sec. 2, we give brief explanation of computational methods. Sec. 3 is devoted to results and discussions. The paper ends with some concluding remarks in Sec. 4.
Methods

Several Settings
We begin with some settings for the calculation. The BrH-PLN molecule has two energetically equivalent enol-form tautomers and these two states are equilibrium states in a symmetric double-well potential. It is considered that the tunneling transfer of a proton takes part in the tautomerization between the equilibrium states. For sake of simplicity, however, we do not explicitly consider the quantum tunneling effect but only briefly discuss its possible consequences in Sec. 3.3. In addition, we take no account of the decrease of the crystal sym- metry from C2/c to P2 1 /c, which occurs with the paraelectricantiferroelectric phase transition, but with minor (and continuous) structural change, ca. 3% of volume change and a few degrees of angular distortion. 18, 25 The deuteration does not affect the molecular structure of BrHPLN in the room temperature. Thus, through the paper we use the molecular structural data of h-BrHPLN on the neutron diffraction data at 10 K which is shown in Ref. 27 . In Fig. 1 and Fig. 2 , we show the schematic molecular and crystal structure, respectively. The crystal system of h-BrHPLN at 10 K is monoclinic and the space group is C2/c (#15; Z = 4). The lattice parameters are set to be a = 11.959Å, b = 11.685Å, c = 7.010Å and β = 97.54 • . We here refer the point 0.25Å distant from C8 toward C7 as a molecular center. (Note that the molecular center is not the center of the mass.) In the direction of the c-axis, the molecules are arranged such that the molecular centers are aligned in a straight line. In this paper, we assume that these structural parameters are kept through the whole temperature range. In addition, we set up a Cartesian coordinate system so that x-and y-axis coincide with the crystallographic a-and b-axis, respectively. In Fig. 1 , the dipole moment of BrHPLN is also shown. Since all of the atoms in the BrHPLN molecule are almost coplanar, the molecular dipole moment p = (p x , p y , p z ) lies in the molecular plane. We thus define the components of the dipole moment parallel and perpendicular to the b-axis as the longitudinal (p ∥ = p y ) and transverse (p ⊥ = √ p 2 x + p 2 z ) dipole moments, respectively. These two parameters are often used in the following discussions. The transition of the hydrogen atom in the intramolecular hydrogen bond (H1 in Fig. 1 ) from one equilibrium state to the other inverts the transverse dipole moment. In the following, we refer to the configuration of the hydrogen atom H1 as "H-configuration", and use the expression L (R) when the hydrogen atom H1 is bonding to the left (right) oxygen atom viewed in the direction of the c-axis.
Density Functional Calculation with Plane-Wave Basis Set
As a first step, we investigate the effect of intermolecular bonding for the electric polarization of BrHPLN by calculating spontaneous polarization with the Berry phase method. 41, 42 To facilitate the calculation of the dielectric polarization per molecule by the Berry phase method, all the H1 atoms are placed (virtually) on the same side such that all the transverse components of molecular dipoles align in the same direction. We performed ab-initio plane-wave density functional calculation with generalized gradient approximation (GGA) using the PWSCF package in QUANTUM ESPRESSO. 43 We use the Perdew-Burke-Ernzerhof (PBE) exchange-correlation functional and ultrasoft pseudopotentials with the kinetic energy cutoff of 30 Ry for wave functions and 300 Ry for charge density. The k-space integration is achieved with a finite k-point mesh for monoclinic reciprocal unit lattice vectors (a * , b * , c * ).
We have used the (4, 1, 2) k-point mesh for self-consistent-field (SCF) calculations. After the SCF calculations, the calculation of the spontaneous polarization is carried out with the (10, 1, 2) k-point mesh. In order to check the convergence of the spontaneous polarization, the calculation is performed with different mesh sizes: the (10, 2, 4) k-point mesh for the SCF calculations and the (20, 2, 4) k-point mesh for the calculation of the spontaneous polarization.
FMO Calculation
By the Berry phase density functional calculation in the previous section, we can see that the polarization of the molecule is affected by its surrounding molecules (See Sec. 3.1). The plane-wave density functional approach, however, cannot be applied to evaluate the polarization per one molecule of antiferroelectric systems in which the net polarization vanishes.
As the next step, in order to specify what positional relations of the molecules strongly affect each other and how different is the effect by each H-configuration of the environmental molecules, we performed quantum mechanical calculations with the FMO method. 40 In the FMO-2 scheme, a whole molecular system is divided into small fragments and ab-initio calculations are carried out for each fragment monomer and fragment dimer. In the FMO method, dipole moments for each fragment are also cal- Table 1 List of the trimers calculated with the FMO method. Relative positions for the molecular centers of the molecules are given which form the trimers with a reference (0, 0, 0) molecule. The H1 atom of the reference molecule is arranged on the upper side in the longitudinal direction (+b). The positions X, Y and Z are written in units of the lattice parameters a, b and c, respectively. (The double sign applies in the same order.) The schematic structures of these trimers are given in Figs. S1-S14 in the ESI. † In the Cartesian coordinates defined in Sec. 2.1, the positions are expressed as
culated. Therefore, by regarding one molecule as one fragment, we can evaluate the difference of the dipole moment influenced by the surrounding molecules from that of an isolated BrHPLN molecule. We used the program GAMESS 44 for the FMO calculations.
Before the calculation we classified the neighboring molecules by their relative positions from one molecule by using the crystal structural data. Because of the crystal symmetry, there exist two molecules in the same positional relation. Therefore, we can construct a trimer with the two molecules and the reference molecule. We set up the 14 types of trimers listed in Table 1 , which include all the nearestneighbor molecules and next-nearest-neighbor molecules along the c-axis. The schematic structures of the trimers and their positions in the crystal are shown in Figs. S1-S14 in the ESI. † For each of the trimers, the calculation was done in all the cases of the H-configurations of two surrounding molecules (LL, LR, RL, and RR) with the H-configuration of the central molecule fixed to be L, It is sufficient to calculate with the H-configuration of the central molecule fixed to be one side, because of the crystal symmetry.
The calculation results are evaluated with the relative change of the dipole moment of the central molecule in each trimer
. It is obvious that p FMO depends on the H-configuration of the molecules. We introduce the sign parameter s i = ±1 with i = 1, 2 and 3, where the sign corresponds to the direction of the transverse dipole moment: −1 (H-configuration: L) and +1 (H-configuration: R). The subscript i labels the molecules of the trimers. The molecule 2 is the central one and the molecules 1 and 3 are its surrounding ones. Then, the relative change of the dipole moment is defined as
with µ = x, y and z. Moreover, we define the transverse/longitudinal dipole moments of the central molecule in each trimer and the isolated monomer as mentioned in Sec.
Then, the relative changes of the transverse and longitudinal dipole moment are also written as
and
respectively.
Monte Carlo Simulation with Dipole Moment Correction
The dielectric properties of the crystal system were investigated by performing Monte Carlo simulations. In this study, we do not take into account the proton tunneling process. This means that the properties of BrHPLN in the classical limit are investigated. In the MC simulation, we consider the dipolar system on the 3D lattice of BrHPLN. In the system, each molecular electric dipole is located at the center of the mass of the molecule (1.79Å from C8 toward Br) and the dipoles interact with other dipoles through dipole-dipole interactions. Taking the H-configuration into account, we can assume that each dipole moment has discrete values. We here define a unit cell for the MC simulation (MC unit cell). Figure 3 shows the MC unit cell. Since the molecular crystal of BrHPLN has face-centered molecules, the MC unit cell is set in a slightly different manner from the crystallographic unit cell. The MC unit cell consists of two unit cells along the a-and b-axis and one unit cell along the c-axis, which means that the MC unit cell is a 2a × 2b × c monoclinic lattice. Furthermore, we define N a , N b and N c as the number of the MC unit cells along the a-, b-and c-axis, respectively. The total number of the molecules considered in the MC calculation N is
In this work, we correct the dipole moment obtained from the calculation for the isolated monomer by using ∆p µ (s 1 , s 2 , s 3 ) in Eq. (1). For every site j, we compose the trimers in Table 1 so that site j is the central molecule for each of the trimers, and apply the relative changes obtained from the FMO calculation according to the H-configurations of the trimers. Assuming that the relative changes can be linearized with all the trimers, we can write corrected dipole moment of site j as
with µ = x, y and z, where s j and s α j i (i = 1, 3) denote the Hconfigurations of the site j and the sites which compose trimer α with site j, respectively. The summation of α is taken over all the trimers considered. Therefore, using p j = (p jx , p jy , p jz ), the Hamiltonian of the system is written as
with r jk = |r jk |, where r jk is the position vector from site j to k and ε 0 is the vacuum permittivity. In the MC simulation, s j can be flipped in every Monte Carlo trial. The dipole moments can be corrected according to Eq. (4) in every MC step, where 1 MC step consists of a series of trials throughout the lattice. From now on, we will refer to this procedure as "dipole correction" here.
We have used the replica exchange Monte Carlo method 45 with periodic boundary condition. For updating of each replica, we have adopted the Metropolis algorithm. The number of the replicas for the exchange Monte Carlo method is 80 between 5 K and 130 K, distributed at regular intervals. The temperature of each replica is fixed throughout simulations. Initial configurations of the replicas were taken randomly and all replicas were thermalized without being exchanged. After the thermalization, one exchange trial between replicas was made every 5 MC steps (one replica-exchange step) and data were collected at every replica-exchange step. We take 20000 MC steps for the thermalization and 300000 MC steps for the measurement. Investigated system sizes are (N a , N b , N c ) = (3, 3, 9) , (4, 4, 12) and (5, 5, 15) , corresponding to N = 1296, 3072 and 6000 dipoles, respectively. The cutoff radius r c for the dipoledipole interaction is set to be 20Å. In the case without the dipole correction, the maximum value of coupling parameters with the dipole outside this radius is 0.49 K, which is small enough compared with the critical temperature evaluated by our calculation (See Sec. 3.3). Using the above conditions, we performed the MC simulation with or without the dipole correction.
Results and Discussion
Spontaneous Polarization, Charge Density and NPA Charges
We consider three types of crystal structures shown in Fig. 4 , which differ in density. Crystal (a) is the original structure of BrHPLN. Crystal (b) has the structure in which face-centered molecules are removed from crystal (a). In crystal (c), the facecentered molecules are also removed and the distance between neighboring molecules in the same stack is three times longer than that of crystal (b). The longitudinal polarization is canceled because of the crystal symmetry. The calculated transverse polarizations per one molecule are (a) 1.04 D, (b) 0.45 D and (c) 0.60 D. The results have been checked to converge within 0.01 D for the use of different k-point mesh sizes. It is obvious that the BrHPLN molecule is strongly affected by its surrounding molecules. Comparison between (a) and (b) shows that the interaction between the neighboring molecules in the same layer increase the polarization. However, the closer the distance with neighboring molecules in the same stack is, the smaller the polarization becomes. This is considered to be the effect of the π-π stacking interaction, which appears in trimer L in Table 1 and Fig. S12 in the ESI. † It should be noted that each molecule in crystal (c) is approximately isolated and the result is the same order as the calculated result of the monomer (See Fig. 1 ).
We also calculated the electron charge density of BrHPLN. The calculated charge density contour map is shown in Fig. 5 . In this plot, the charge density is viewed normal to (203) plane and the positional relation of the molecules is the same as that of trimer I in Table 1 (See also Fig. S9 in the ESI †). As can be seen, the charge density at the intermolecular region amounts to 0.01 e bohr −3 . It has been reported that this amount of charge density is significant in intermolecular regions in the case of other organic molecular ferroelectric systems: this charge density mediates the intermolecular covalency and strongly enhances the electronic polarization. 35, 36 In BrHPLN, a hydrogen atom (H2) of one molecule is close to an oxygen atom of an- other molecule. From the crystallographic data, we obtain the lengths of H2 · · · O and C2 · · · O as 2.39Å and 3.34Å, respectively. This type of configuration, C − H · · · O, is well known as the weak hydrogen bond and the lengths mentioned above satisfy the criterion of the weak hydrogen bond. 38 Therefore, the results suggest that there exist one-dimensional chains of the intermolecular weak hydrogen bonds and the chains make great contribution to the dielectric properties in the BrHPLN crystal. In Fig. 6 , we show the schematic view of the intermolecular bonding chains.
The role of the intermolecular weak hydrogen bond is further examined by the natural population analysis (NPA) 46 from the FMO calculations. The NPA is recognized as more robust population analysis against the variation of the size of the basis set. We employed NPA for the isolated monomer and trimer I in Table 1 (See also Fig. S9 in the ESI †), assuming that all the molecules are in the same H-configuration. In Fig. 7 , we show the schematic structure of trimer I and labels of atoms used for NPA. The results are shown in Table 2 . In the trimer case, it is seen that the charges of the oxygen atoms and those of the hydrogen atoms close to the oxygen atoms of another molecule become more negative and positive than in the case of the isolated monomer, respectively. On the other hand, there is little change in the charge of H1 and C2 atoms. This suggests that the oxygen atoms attract the electrons of the hydrogen atoms of the neighboring molecules, leading to the increase of the intermolecular covalency.
Another type of C − H · · · O configurations is also seen in trimer F, which satisfy the criterion of the weak hydrogen bond shown in Ref. 38 . Figure 8 and Table 3 show the schematic structure and the NPA charges of trimer F, respec- Table 2 NPA charges for the isolated monomer and the central molecule of trimer I. The atomic charges of H2 and C2 close to the enolic oxygen (H2(· · · O en ) and C2(· · · O en )) and the carbonic oxygen (H2(· · · O car ) and C2(· · · O car )) of another molecule are shown separately. For the labels of atoms, see Fig. 7 HF tively. As can be seen, there exist two types of the configurations: C3 − H3 · · · O and C5 − H4 · · · O. The interatomic distances in these configurations are longer than those of trimer I. Moreover, the differences of the NPA charges between the isolated molecule and the central molecule of trimer F are smaller than those of trimer I. Therefore, it is considered that the effect of the intermolecular bonding is smaller than that of trimer I. In trimer F, the intermolecular charge density is about 0.003 e bohr −3 .
In trimer F, there is a large difference in the NPA charge of the Br atom (See Table S1 and Fig. S15 in the ESI †). As is seen in Table S1 in the ESI, † some hydrogen and carbon atoms of the surrounding molecules are affected by the Br atom. The Br atom may thus contribute to the intermolecular bonding. Nonetheless, we shall reserve this issue for future investigations to compare with the other substituents such as MeHPLN and IHPLN.
Dependence on positional relations and Hconfigurations
In the previous section, we show that the intermolecular bonding makes the significant change in the dipole moment. We next discuss the change of the dipole moment induced by the surrounding molecules. Figure 9 shows the results obtained from the FMO calculation. In Fig. 9 , the horizontal axis is the labels of the trimers defined in Table 1 and the vertical axis is ∆p ⊥ (s 1 , s 2 , s 3 ) and ∆p ∥ (s 1 , s 2 , s 3 ) defined by Eqs. (2) and (3), respectively. The transverse component is mainly affected by three types of trimers, F, I, and L, which make more than 20% of differences from the dipole moment of the isolated monomer. This result is consistent with the result of the previous section. Furthermore, in these trimers, the change of the dipole moment strongly depends on the H-configurations of the surrounding molecules. On the other hand, the longitudinal component is also affected by the environmental molecules. This, however, depends on rather the type of the trimers than the Hconfigurations. This result is reasonable because this direction is perpendicular to the reversible component with the proton transfer. We consider that the effect of this direction is averaged out in the crystal. Eq. (4) . The paraelectric-antiferroelectric phase transition was found by the measurement of the dielectric constant along the aaxis. 12, 14 We thus calculate the x-component of the polarization per unit volume P x , which is defined as
Monte Carlo simulation
where V is the volume of the system calculated. The fact is well known that the order parameter (e.g., P x ) still remains in the order of 1/ √ N even at infinite temperature. 47 We thus employ finite size scaling for our simulation results. Figure 10 shows the scaled plot of the absolute value |P x | for several system sizes with or without the dipole correction. It is seen that the curves for the different system sizes are scaled well by √ N. In the high temperature range, which corresponds to a paraelectric phase, the polarization of the system is enhanced because of the dipole correction.
In both cases, we can see that the polarization tends to zero as temperature decreases. For more detailed description of the low temperature phase, let us introduce the order parameter P stg , which is called the staggered polarization. If we write the position of the site j as (a j , b j , c j ) with the same manner as Table 1 , a j , b j and c j can take integer or half-integer values. Using these parameters, we define P stg as
The parameter P stg is equal to 1 or −1 in the case where all of the transverse dipole moments of the neighboring molecules along the c-axis and (±1/2, ±1/2, 0) directions are antiparallel. In Fig. 11 , we show the temperature dependence of the absolute value of the staggered polarization in our system. As can be seen, |P stg | changes drastically with temperature and |P stg | is nearly equal to 1 in the low temperature range. From these results, we conclude that a phase transition from a paraelectric phase to an antiferroelectric phase occurs in BrHPLN; this result corresponds to the experimental results. By the definition of P stg , polarization ordering in the antiferroelectric phase can be drawn as shown in Fig. 12 .
As is seen in Fig. 10 and Fig. 11 , the critical temperature of the system T c with the dipole correction becomes larger than T c without the dipole correction. In order to compare with the experimental data, we define the critical temperature T c in the same manner in Ref. 12 and Ref. 14 ,  i.e., the peak position of the dielectric constant ε, although the Binder parameter is usually used in Monte Carlo study. 47 In Fig. 13 , we show the temperature dependence of the static dielectric constant. The calculated static dielectric constant is comparable with that obtained from the experiments, 12, 14 although the experimental result is the dynamic dielectric constant measured at a frequency of 10 kHz. We refer to the critical temperature T c as ∼ 24 K without the dipole correction and ∼ 50 K with the dipole cor- rection. The dipole correction, which is introduced in order to include the effect of the intermolecular weak hydrogen bonding, brings about an amplification of the molecular dipole moment and leads to increasing the critical temperature. The critical temperature with the dipole correction is still higher than that of d-BrHPLN from experiments (37 K). There are, however, two reasons to support the present computational results. First, inclusion of the quantum tunneling effect is expected to improve the correspondence with the experiment. As is shown below, the tunneling effect is represented by the tunneling frequency Ω in the transverse Ising model 34 and Ω is estimated to be about 10 K for d-BrHPLN. Therefore, the inclusion of this tunneling frequency will reduce the T c toward better agreement with the experiment (See below for the detail). Second, the dipole moment of the BrHPLN monomer depends on basis sets. In Table 4 , we show dipole moments calculated by using several basis sets. We can see that the electron correlation and intramolecular polarization strongly affect the dipole moment. In particular, the inclusion of the electron correlation leads to a notable decrease of the transverse dipole moment. We may therefore roughly estimate that if the electron correlation effect were included, the computed T c will be reduced by the factor of (2.278/2.529) 2 ∼ 0.8, i.e., the square of the ratio between the net dipole moments from HF/3-21G(d,p) and MP2/LANL2DZ(d,p), as implied from Eq. (5) . It would be intriguing to explore the electron correlation effect more quantitatively, which we plan to report in future in conjunction with its influence on the potential barrier height along the proton displacements.
Finally, we mention the correspondence with the transverse Ising model, 10, 48 which is often used in the study of hydrogenbonded ferroelectrics. The Hamiltonian of the transverse Ising 
where σ α i (α = x, z) are Pauli matrices, J i j is the coupling parameter between sites i and j, and Ω is the tunneling frequency. The mean field theory of the transverse Ising model tells us that the result depends on the ratio Ω/|J|, where J is the molecular field parameter ∑ j J i j . 34, 49 For Ω/|J| < 1 the ordered phase appears, while it disappears for Ω/|J| > 1. In our dipolar system, the coupling parameter J i j is calculated using the following relation:
where E
is the dipole-dipole interaction energy between the two sites in the case where the H-configurations of site i and j are h i and h j , respectively. By the definition, when J i j is positive (negative), the interaction is ferroelectric (antiferroelectric). By using Eq. (9), the molecular field parameter J is evaluated to be J = −20 K with r c = 20Å in the case without the dipole correction. This value is consistent with T c ∼ 24 K obtained from the MC simulation. In the case with the dipole correction, on the other hand, it is difficult to determine J i j because of the increase/decrease of the dipole moment according to the H-configurations of the surrounding molecules. However, from our result of the MC simulation, we can estimate J as about −50 K in the system.
Although the experimental value of the tunneling frequency for d-BrHPLN, Ω D , is unavailable, we estimate it from other available data in the following way. First, the experimental tunneling frequency of h-BrHPLN is known to be Ω H = 60 K. 17 We then refer to the related compound, 9-hydroxyphenalenone, isolated in solid neon, for which the tunneling frequencies of both the H and D compounds have been measured spectroscopically as Ω H = 50 K and Ω D = 8.6 K, respectively. 50 Assuming that the ratio Ω H /Ω D carries over for the BrHPLN compounds, we can estimate the tunneling frequency of d-BrHPLN as Ω D = 10 K. Therefore, if we extend our method to treat the quantum tunneling effect just like the transverse Ising model, we can obtain some results which are consistent with the experimental data.
In the mean field theory, the transition temperature T c is represented as
where k B is the Boltzmann constant. 11, 51 Substituting the value of J and Ω D into Eq. (10), we estimate that the transition temperatures are corrected to 49 K from 50 K (with the dipole correction) and to 18 K from 24 K (without the dipole correction). Only in the case with the dipole correction, T c approaches the experimental value. This will remain robust (or even be reinforced) by taking account of the general tendency of the mean field theory to overestimate T c (assuming that the tunneling correction will not be larger than Ω).
Concluding Remarks
In summary, we have investigated the properties of the hydrogen-bonded antiferroelectrics, BrHPLN, by means of the electronic structure calculations and Monte Carlo methods. The significant charge density which amounts to 0.01 e bohr −3 has been found in the intermolecular region. This suggests that BrHPLN has the one-dimensional intermolecular chains of the C − H · · · O type weak hydrogen bonds shown in Fig. 6 , and these bonds increase covalency. The MC method with the correction of the molecular dipole moment has been proposed to evaluate the dielectric properties including the effect of the intermolecular hydrogen bonding. Our calculation results show that a phase transition occurs from a paraelectric phase to an antiferroelectric phase at 50 K. This transition temperature is the same order as the experimental results. In present work, we have treated BrHPLN only. However, the above discussion on the intermolecular hydrogen bonding is applicable to MeH-PLN and IHPLN, because of their similarity in the molecular and crystal structure. We will apply our method to other materials and extend our method to the quantum Monte Carlo method in the future. 
